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THE SHORTEST PATH

Problem: Find the shortest path from Ato J
Idea: Starting at A track shortest accesses to all nodes one by one

| PIA,J] | min = ?

A BCDEFGHII J

A 1 2 2

B 1 3 7

C 2 7 3

D 2 3 7 6 1 4

E 7 6 2 1

F 3 1 2 7

G 4 2 2 4 6 7
H 1 4 3
I 7 6 2
J 7 3 2
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THE SHORTEST PATH

Reading values in diagonal as implicite labels

solution(s) can be traced back

P[A,J]min = P{A,D,F,G,E,H,J}

|PIAI] | min = 11

ABCDETFGHII J
Al 0{1}272°
B|2'1 4’ 8
cla’| |2]9] |5
D 4°|5)9|2}|8}3"|6
E| |14| |[13|7 918"
F 6'|4| |3{5| |10
G o| ¥ p7°45 | 9' 11|12
H 9’| [12| 8| {1l
| 17(16| |10|12
J 11
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THE LONGEST PATH

Problem: Find the longest path from Ato G

| P[AG] | max = ?

A B CDE F G

4

2

T m 9O m >

BUTE DCTM / Engineering Programs in English / 2000-

Dr. Zoltan Andréas Vattai



Construction Management - |1 / Some Logistical Problems Performance:SlideL202.doc

THE LONGEST PATH

Problem: Find the longest path from Ato G
Idea: Starting at A track longest accesses to all nodes one by one

Reading values in diagonal as implicite labels solution(s) can be
traced back (Calculations identify all longest paths)

A B CDE F G

Al 0o+4"| 2°

B 445" 12

C 517 6

D 8|9 17
E 12 13
F 8’ 6-{-14
G 14
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THE LONGEST PATH

Reading values in diagonal as implicite labels sol

A B C D E F

Problem: Find the longest path from A to G — backward
Idea: Starting at G track longest accesses to all nodes one by one
— in counter-arrow direction, and counting down

traced forward (Calculations identify the same longest path(s))

ution(s) can be

G

Al 040" 3°

B 4-{-4" 5°

C 518 5

D 10|12 10
E 13 13
F 8’ 6|6
G 14
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MAXIMUM FLOW / MINIMUM CUT

Problem: Determine the maximum flow from Ato G
Idea: Recursive path-finding via edges of free capacities

A B CDEF G
A 413
B|7 5| 2
Cl| 4 3 8
D{3|5]|3 113
E 2 1 4|7
F 8|34 8
®[A,G]max = ? G 718
Ay: AD, = A AD,=
A B CDEF G A B CDEF G
A A
B B
C C
D D
E E
F F
G G
Ay: ADz= As: AD, =
A B CDEF G A B CDEF G
A A
B B
C C
D D
E E
F F
G G
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MAXIMUM FLOW / MINIMUM CUT
( maximum flow = minimum cut )

A B C D E F G A B C D E F G

G m m U O w >
G m m O O w >

As: AD; = A;: Adg=
A B CDE F G A B C D E F G

G m m O O W >
G m m O O mw >

Agiac) = Al - Ay

A B C D E F G

G m m O O m >

(D[AaG]max - ZA(I) -
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MAXIMUM FLOW / MINIMUM CUT

Problem: Determine the maximum flow from Ato G
Idea: Recursive path-finding via edges of free capacities

A B C D E E G
A 413
B|7 5|2
C| 4 3 8
D|[3|5]3 113
E 2 1 417
F 8|3]4 8
®[A,G]max = ? G e
Ay: AD; =4 A AG=2
A B C D E F G LR CPEFEC
Al+0]| 7 @ 3 A0 @ P
B|7|+a| [5]2 8 (7]l 15 (@)
cla] |»ls] (&) i PR A e
D{3|5|3|-A]l1]3 g AR A il R
E 2 1|-8|a]7 E B I el
F 8134 +C® i R
G 718 ]F G DRI
A: AD;=1 Ao ADi=2
A B C D E F G pABCDPEFRS
Al+0l5 |0 Ao @
B| 9 [+A 5/0 A at
N =T 2 cls +D| 3 4
D[3]5]3 +A® 3 D 4 53 |+A] 0
_ p " ]+0| 4 E 4 2|-F| 4|4
F 12| 3|4|D|4 F 12[ 3| 4 |+0[4)
G 9 12| G 10[12] -F
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MAXIMUM FLOW / MINIMUM CUT
( maximum flow = minimum cut )

Ay ADs=1 As: ADg=1
ABCDEFG ABCDEFG
A |+0 @ 010 A|+0 @ 00
Blol+a| [5)o0 B [10]+a] (4]0
cls| [+p]3] |4 cls| |+ofs] [4)
0|6 [5]3]+s|o(2) D66 3)+s|o]o
E| |4] [2]-F[a]a E| |4] [2]-F[a]a
F 12[ 5] 4 |+p[2) F 12] 6 | 4 [+c[(1)
G 10 [ 14| -F G 10[15] -
As: AD;=2 A;: ADg=0!
ABCDEFG ABCDEFTFESG
A |+0 @ 00 A|+0| 1 @ 0
Blul+a] [(3)o B (1s[+a] |1 (o)
cls| |+of4] [53) c|s 6 1
plel7[2)+s]|o]0 0| 6|9 {0]+sfo)o
el |4] |2|F[afa) el |4 [2| |[6]2
F 13 6 (4]+c| 0 F 5/6|2| |o
G 10] 16| -E G 1216
Agpc) = Al - Ag
13
A B CDEFG
A 4
B|-6 4|2
C|-4 3| |7
D|3|4|3]| |1]3
el |2| [1| [2]s
F 7|3|2]| |s
G 5| -8 B[A,G]max = TAD = 13
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THE SHORTEST LOOP

Problem: Find the shortest loop threading all the nodes
Idea: Try to assign the smallest elements of the rows and columns
(one in each row and one in each column, forming one loop)

ABCDE
A 214112
B |2 1113
C |4]1 2|2
D [1|1|2 3
E (2/3|2]3
O0r ABCDE 0% ABCDE Decision Tree
Branch & Bound
A A
B B /) 0
C C
D D
E E
O 1.
1. ABCDE 2. ABCDE /
Q /; O 2.
C C /
D D
] - O 3.
3. ABCDE 4. ABCDE /
A A O 4,
B B
C C /
D D
E E O
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THE SHORTEST LOOP

Problem: Find the shortest loop threading all the nodes
Idea: Try to assign the smallest elements of the rows and columns
(one in each row and one in each column, forming one loop)

ABCDE
A 2141112
B |2 11113
C 4|1 212
D |1]11|2 3
E 121323
Or ABCDE 0Ok ABCDE Decision Tree
Branch & Bound
A [x[2]a]1]2] 1 A [x]1[3]0]1
B [2[x]1]1]3] -1 B [1[x]|o]o0]2 =~ o
Cc [4]1]x]2]2] 1 C [3]|0|x]|1]1
D [1]1]2[x][3] 1 D [0]|0|1]X]2
E [2]3[2]3]x] -2 E |ofl1]0]1]X
1 @ Q) A-D 1
1. ABCDE 2. ABCDE /
A [X|1][3[0%0° A [X]X]X]X]X
B |1[x[0%[0%]1 B [1|x[0)X|1 B-C 2
Cc [3|0%x]|1]0° Cc |[3|0%x|x]o?
D [0°0% 1|x]|1 D [x|o!1]x]1
E |0°] 1[0 121X E [0 1[0 X|X
@D CE 3
3. ABCDE 4 ABCDE /
A [X]IX]X]x]x A [ X|Xx[X[x[x @ D-B 4
B [X[X[x[x[x B |X|X[X|Xx|X
C [3[x[x|x[0) C [X[X[x]x]x
D [x[0°|X[X]1 D [X[0o)X|X][X
E [0*[1[X][X]X E (0)1]|X[X][X ) E-A
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THE TRANSPORTATION PROBLEM

Problem: Do develope a maximum amount transportation
program with minimum associating transportation cost
Idea: Applying an LP primal-dual simplex algorithm”

Cjj o, ol = maximum available capacity at source 1.
|__, 1 > > 7 Bj = need at consumer |
180 Cjj = unit transportation cost from source i to
) > 5 7 consumer |
140
; 3 1 5 The job is:
120
LX) <oy Vi LX) B V]
Bj 150 80 60 90 Z2i(Xj) =max at XZi(X;*Cjj) = min
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Cij
I——V 1 2 2 4
4 2 5 1
6 3 1 2

Bi 150 80 60 90

0]
180
140

120

THE TRANSPORTATION PROBLEM

Problem: Do develope a maximum amount transportation
program with minimum associating transportation cost
Idea: Applying an LP primal-dual simplex algorithm”

ol = maximum available capacity at source 1.
j = need at consumer |
Cj; = unit transportation cost from source 1 to

consumer |
The job is:

Zj(Xij) <o; ¥i
ZiZj(Xij) = max

0 1 2 2 4

0 4 2 5 1

0 6 3 1 2
60 150 80 60 90

LX) < By V]
at ZiZj(Xij'Cij) = min

1. Making capacities and needs equal to each other
Here: adding a fictive consumer with $y=440-380=60
need and with Cy;=0 unit transportation costs.

( So ZiZj(Xij)z max = Zi(OLi) = Zj(Bj) = 440, where Bo
represents sum of uncontracted amount at sources i)

180

140

120

440
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THE TRANSPORTATION PROBLEM

Problem: Do develope a maximum amount transportation
program with minimum associating transportation cost
Idea: Applying an LP primal-dual simplex algorithm”

Cjj o, ol = maximum available capacity at source 1.
|__, 1 > > 7 Bj = need at consumer |
180 Cjj = unit transportation cost from source i to
) > 5 7 consumer |
140
; 3 1 5 The job is:
120
LX) <oy Vi LX) B V]
Bj 150 80 60 90 Z2i(Xj) =max at XZi(X;*Cjj) = min

1. Making capacities and needs equal to each other
Here: adding a fictive consumer with $y=440-380=60
need and with Cy;=0 unit transportation costs.

( So ZiZj(Xij)z max = Zi(OLi) = Zj(Bj) = 440, where Bo
represents sum of uncontracted amount at sources i)

0 1 2 2 4

180
0 4 2 5 1

140
0 6 3 1 2

120

60 150 80 60 90 440

2. Creating an initial solution
Here: using Danzig’s method

o || s
— | o' s
30° 3& 6&1 \2 T2Q B4 30
50 : § B DA 440

3

ik

W

/
(=]

2iZi(Xjj) = 60+120+50+ 90+30+30+60=440

S5i(Xi°Cij) = 6020+12001+5042+90¢ 1+30+6+3023+60+1=640
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THE TRANSPORTATION PROBLEM

Problem: Do develope a maximum amount transportation
program with minimum associating transportation cost
Idea: Applying an LP primal-dual simplex algorithm

3. Checking optimality

Assigning -u; and v; dual variables to rows and columns via assigned fields
and calculating z;; shadow prices at unassigned fields.

Here Z,p =-4, Z,; =-1 and Z3, =-5 values indicate possibility of decreasing
overall transportation cost, so our program is still not optimal.

V.
_u\.J 5 6 3 1 2
' 0

1 2 2 4
5 60 | 120, |, I,
Zijj 0 4 2 5 1
1., |4 | 507, 90
0 6 3 1 2
0(%) | 30| 30| 60|,

4. Improving the program
Assigning maximum possible amount to field of z; <0 value and
deriving all necessary modifications along the corresponding loop.

min

0 1 2 2 4
30 150
0 4 2 5 1
50 90
vO0 6 3 1 2
30 30 60

3Xij=30  ZiZj(Xj) = 30+150+50+ 90+30+30+60=440
Z%j(Xj*Cij) = 30°0+15001+502+901+3020+303+6021=490

Look: AC = 640-490 = Zzge 5X; = (-5)+30 = 150

Repeat steps 3 and 4 until no negative z;; values can be found
Z;;=0 values - if any - indicate existence of other transportation
programs with overall transportation cost the same.
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3. Checking optimality

THE TRANSPORTATION PROBLEM

Problem: Do develope a maximum amount transportation
program with minimum associating transportation cost
Idea: Applying an LP primal-dual simplex algorithm”

Assigning -u; and v; dual variables to rows and columns via assigned
fields and calculating zj; shadow prices at unassigned fields.

Here Z;, =-1 value indicates possibility of decreasing overall
transportation cost, so our program is still not optimal.

0 1 3 1 2
0 2 2 4
0 30 | 150
0 4 2 5 1
1, ], 50 90
6 3 1 2
0 30 |, 30| 60

4. Improving the program
Assigning maximum possible amount to field of z;;
deriving all necessary modifications along the corresponding loop.

<0 value and

0 1 2
150 30
A
0 4 1
50 90
0 6 1 2
60 0 60

Remark:

OXij=30  ZiZj(X;) = 150+30+50+ 90+60+0+60=440
ZiZi(Xij*Cji;) = 15021+3022+502+90°1+60°0+0¢3+60+1=460

Look: AC =490-460 = Z1o* 5Xij = (-1)*30 = 30

Fort to provide functionality of the algorithm one entering and one
disappearing assigned field can be at each improvement, so here
X32=0 value - as a dummy assignment - must stay in the program.
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THE TRANSPORTATION PROBLEM

Problem: Do develope a maximum amount transportation
program with minimum associating transportation cost
Idea: Applying an LP primal-dual simplex algorithm”

3. Checking optimality

Assigning -u; and v; dual variables to rows and columns via assigned
fields and calculating z;; shadow prices at unassigned fields.

Here: no Z;™"<0 value can be found, so our program is optimal.

0 2 3 1 2

0 1 2 2 4
1, 150 | 30°(, |,

0 4 2 5
1, ], 50|, 90

0 6 3 1 2
0 60 |, 0°| 60 |,

Remarks:

Returning to original capacities and needs, X3,=60 value represents
unassigned capacity at source 3.

Z3,=0 value indicates existence of an alternative program with
overall transportation cost the same.
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2/1. ¢;;™"=c10=0; X1,=min{180,60}
a1’=180-60=120; column O canceled

2

2

4

0 1
60
\ 0 4 2 5 1
\ 0 6 3 1 2
Q. 150 80 60 90

2/3. ¢;™"=C4=1; Xos=min{140,90}
a2’=140-90=50; column 4 canceled

\0 6

1 2 2 4
T*FQ‘Izo—\\\\_\
\ 0 4 2 5 *1

3 1

Q. I5Q 80 60  ®Q
30

2/5. ¢;™"=C=2; X=min{50,80}
B2’=80-50=30; row 2 canceled

1=

nu

1
6

2 h
\\jl\“
“6a_

150

30

2]
2
§_.59‘
3
80,

30

50,

“5q.

4

e
\\.\

2

\*,i
4

=G

\X._Q
BEES
60

150
“8q.

“8q_
30

60

“5q_

18Q 120

140

120

18Q12Q
M4Q 50

120

18Q22Q
4Q 50
12Q 60

2/7. last: ¢ij™"=c31=6; Xaz1=0i3”=p1’=30
(Both row 3 and column 1 run out.)

18Q18Q
MQ50
120780, 38,

2/2. ¢;™"=cy3=1; X1;=min{120,150}

1’=150-120=30; row 1 canceled

1 2 2 4
‘@‘Q‘Izo—\\\
0 4 2 5 1

\ 0 6 3 1 2

B0 ISQ 80 60 90
30

2/4. ¢i;™"=c33=1; X33=min{120,60}
a.3°=120-60=60; column 3 canceled

NENENANK]

P

T

NT;&)Q 80 A %A

2/6. ¢;;™"=c3,=3; X3,=min{60,30}
0.3”"=60-30=30; column 2 canceled

PR
fEREA

*Remarks:

Sub-Problem: Creating a Feasible Initial Soultion — by Danzig’
Idea: in increasing order of c;; values —and as English reads (left-right, top-down),
do assign for transport minimum of still free capacities and still unsatisfied needs

18Q18Q

140

120

18Q22Q
4Q 50
12Q 60

18Q12Q
M50
1289 30

At each step but the last you may cancel
either the row or the column otherways you
should keep either the row or the column in

the program with 0 value.

Number of assigned fields (Xj; values) must
be one less than sum of number of rows and
of columns of the table (Here: 3+5-1=7)

Co = 6020+12001+5022+90¢1+306+303+60°1=640
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Sub-Problem: Assign dual variables to rows and columns
Idea: Starting with -u;=0 value at row where cj;=max at assigned fields is, do
assign further v; and -u; values via assigned fields, applying relation vj=cj-u; *

3/1. CijmaX:C:gl:G; -u3=0
W
_ul
0 1 2
60 120
0 4 2 1
50 90
0 6 3
0 30 30 60
3/3. V2:C32+(-U3); V,=3+0=3
\
N 6
0 1 2
60 120
0 4 2 1
30 90
0 6 3
0 30 30 60
3/5. -Ui=Vvi-C11; -U1=6-1=5
W
2 6 3 1
0 1 2
5466 120
0 4 2 1
50 90
0 6 3 1
0 30 30 60
3/7. -Us=Vy-Coo, -Up=3-2=1
W
N5 6 3 1
0 1 2
5 60 120
0 4 2
1« 50 90
0 6 3 1
0 30 30 60

3/2. vi=C3z1+(-u3); Vv1=6+0=6
N
-U;
0 1 2 2 4
60 120
0 4 2 5 1
50 90
0 6 3 1 2
0 3 30 60
3/4. V32033+(-U3); Va=1+0=1
N
. 6 3
0 1 2 2 4
60 120
0 4 2 5 1
50 90
0 6 3 1 2
0 30 30 60
3/6. vo=Cio*(-u1); Vo=0+5=5
N
N5 6 3 1
0 1 2 2 4
5——=60 120
0 4 2 5 1
50 90
0 6 3 1 2
0 30 30 60
3/8. V4:CZ4+(-U2); Vi=1+1=2
N
oN.5 6 3 1 2
0 1 2 2 4
5: 60 120
0 4 2 5 1
1 50 0
0 6 3 1 2
0 30 30 60

* See: Linear Programming / Simplex Method / Primal-Dual Algorithms
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Sub-Problem: Improving the program

Idea: Assigning maximum possible amount to field of z;;

min

<0 value and

deriving all necessary modifications along the corresponding loop.

4/1. Calculate zjj=cjj-u;-vj values *
(,,shadow prices”) for non-assigned fields
Check z;;™"<0 values. Here: zjj™"=z30=-5

5 6 3 1 2

0 1 2 2 4
5 60 | 120 |, [, |,

0 4 2 5 1
1, |4 50° |, 90

0 6 3 1 2
0(5) | 30| 307| 60|,

4/2. Find the only loop for the new
(would be) assigned field (X30)
Here: X39-X31-X11-X10-X30

0 1 2 2 4
60 | 120
0 4 2 5 1
50 90
}0 6 3 1 2
3 30 60

4/3. Assign +/- signs to wedges alternately
and define 68X value for improving
Here: 5X;;=min{30,60}=30

0 1 2 2 4
60 | 126~
0 3 2 5 1
50 90
0 N 51 203 6ot 2
O+

4/4. Re-assign the program along the loop

0 1 2 2 4
30 150
0 4 2 5 1
50 90
0 6 3 1 2
30 30 60

Remarks:

2;;<0 values indicate possibility of improving
the transportation program (decreasing the
overall transportation cost)

z;j=0 values indicate possibility of
alternative transportation programs (with
overall transportation costs the same)

z;>0 values are now out of interest, simply
indicate them by + signs

Remarks:

Due to the algorithm for each non-assigned
field there exists a single loop other wedges
of which are at assigned fields.

Remember: Sum of X;; values are fixed in
each row and in each column. If I modified
somewhere | have to make counter-measures
in its row and in its column too. And so on -
around.

Remarks:

oXij value (maximum amount that can be re-
assigned) is the X;™" value at - wedges.

Remember: For the sake of correctness of
the (simplex) algorithm, number of assigned
fields must be one less than sum of rows and
of columns of the table (here: 3+5-1=7)
after re-assigning too. Negative X;; values
would have no meaning.

A new assigned field enters an old assigned
field disappears. If more than one assigned
field would disappear one should be selected
for to disappear and the others should be
kept in the program with X;=0 value.

Look: The overall transportation cost got be
C=300+15021+5002+901+3020+303+
+6001=490 that is A=z30*OXjj=-530=-150
less than was before.

* See: Linear Programming / Simplex Method / Primal-Dual Algorithms
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